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A FAMILY OF CIRCULAR BARGMANN TRANSFORMS
ZOUHAI¨R MOUAYN
Abstract. When considering a charged particle evolving in the Poincare´ disk under influence
of a uniform magnetic field with a strength proportional to γ+1, we construct for all hyperbolic
Landau level ǫγm = 4m (γ −m) ,m ∈ Z+∩ [0, γ/2] a family of coherent states transforms labeled
by (γ,m) and mapping isometrically square integrable functions on the unit circle with respect
to the measure sinγ−2m (θ/2) dθ onto spaces of bound states of the particle. These transforms
are called circular Bargmann transforms.
1. Introduction
The classical Bargmann transform [1] can be defined as
BH [ϕ] (z) := π− 14 e− 12 z2
∫
R
e−ξ
2+2ξzϕ (ξ) dξ, z ∈ C. (1.1)
It maps isometrically the space L2 (R, dξ) of square integrable functions on the real line onto the
Fock space F (C) of entire Gaussian square-integrable functions. Since the involved kernel in (1.1)
is related to the generating function of Hermite polynomials [2], we have used the notation BH .
In the same paper ([1, p.203]) V. Bargmann has also introduced a second transform labeled by a
parameter γ > 0 as
BLγ : L2(R+,
xγ
Γ (γ + 1)
dx)→ Aγ (D) (1.2)
defined by
BLγ [ψ] (z) :=
(
γ
pi
) 1
2
(1− z)γ+1
∫ +∞
0
exp
(
−x
2
(
1 + z
1− z
))
ψ (x)
xγ
Γ (γ + 1)
dx, (1.3)
where
Aγ (D) :=
{
ψ analytic on D,
∫
D
|ψ(z)|2
(
1− |z|2
)γ−1
dµ(z) < +∞
}
(1.4)
denotes the weighted Bergman space on the unit disk D = {z ∈ C; |z| < 1} and dµ(z) being the
Lebesgue measure on it. The involved kernel function in (1.2) corresponds to the generating
function of Laguerre polynomials [2]. This explains the notation BLγ .
In the present work, we first propose, if it does not exist in the literature, the following integral
transform
BJγ : L2(S1, dσγ)→ Aγ (D) (1.5)
defined by
BJγ [φ] (z) :=
(
γ
pi
) 1
2
(1− z) 12γ
∫ 2pi
0
1
(1− zeiθ)1+ 12γ
φ
(
eiθ
)
dσγ (θ) , (1.6)
and mapping isometrically the square integrable functions on the unit circle S1= {ω ∈ C, |ω| = 1}
endowed with dσγ (θ) :=
2γΓ2(γ/2+1)
Γ(γ+1) sin
γ (θ/2)dθ as measure, onto the Bergman space in (1.4).
We obtain the kernel function in (1.6) by using a generating function for Jacobi polynomials due
to H.M. Srivastava [3]. Here, we have used the notation BJγ (J : Jacobi). We also propose a
generalization of the transform in (1.6) by replacing the arrival space in (1.5) by the eigenspace
([4]):
Aγm (D) :=
{
ψ : D→ C,∆γψ = ǫγmψ,
∫
D
|ψ(z)|2
(
1− |z|2
)γ−1
dµ(z) < +∞
}
(1.7)
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of the second order differential operator
∆γ := −4
(
1− |z|2
)((
1− |z|2
) ∂2
∂z∂z
− (γ + 1) z ∂
∂z
)
(1.8)
with the eigenvalue (hyperbolic Landau level):
ǫγm := 4m (γ −m) , m = 0, 1, 2, · · ·
[γ
2
]
, (1.9)
where [x] denotes the greatest integer less than x. The operator in (1.8) can be unitarly intertwined
to represent the Schro¨dinger operator of a charged particle evolving in the Poincare´ disk under
influence of a uniform magnetic field with a strength proportional to (γ + 1). For m = 0, the
space Aγ0 (D) in (1.8) coincides with the Bergman space Aγ (D) in (1.4). For m 6= 0, we precisely
construct the integral transform
BJγ,m : L2(S1, dσ(γ−2m))→ Aγm (D) (1.10)
defined by
BJγ,m [φ] (z) =
(
Γ(γ+1−m)
pim!Γ(γ−2m)
) 1
2
(1− z) γ2
∫ 2pi
0
1
(1− eiθz) γ2+1

(z − 1) (1− eiθz)(
1− |z|2
)


m
(1.11)
×2F1

 −m, γ2 −m+ 1
1 + γ − 2m |
(
1− eiθ) (1− |z|2)
(1− z) (1− eiθz)

φ (eiθ) dσ(γ−2m) (θ)(1.12)
where 2F1 (−m, ., . | ·) is a hypergeometric function which can be written in terms of the Jacobi
polynomial [2]. We obtain the kernel function in (1.11) by using a bilateral generating function
for Gauss hypergeometric sums due to L.Weisner [5]. Our method in constructing the transforms
(1.6) and (1.11) is based on coherent states analysis.
The paper is organized as follows. In Section 2, we recall briefly the coherent states formalism
we will be using. This formalism is applied in Sections 3 and 4 so as to establish the announced
transforms.
2. Coherent states
Following ([5, pp.72-76]), we give a summary of the coherent states formalism we will be using.
Let (X, ν) be a measure space and let A ⊂ L2(X, ν) be a closed subspace of infinite dimension.
Let {Φn}∞n=0 be an orthogonal basis of A satisfying, for arbitrary ξ ∈ X,
κ (ξ) :=
∞∑
n=0
ρ−1n |Φn (ξ)|2 < +∞, (2.1)
where ρn := ‖Φn‖2L2(X) . Define
K(ξ, ζ) :=
∞∑
n=0
ρ−1n Φn (ξ) Φn(ζ), ξ, ζ ∈ X. (2.2)
Then, K(ξ, ζ) is a reproducing kernel, A is the corresponding reproducing kernel Hilbert space and
κ (ξ) = K(ξ, ξ). Let H be another Hilbert space with dimH =∞ and {φn}∞n=0 be an orthonormal
basis of H. Therefore, define a coherent state as a ket vector | ξ >∈ H labelled by a point ξ ∈ X
as
| ξ >:= (K(ξ, ξ))− 12
∞∑
n=0
Φn (ξ)√
ρn
| φn > . (2.3)
We rewrite (2.3) using Dirac’s bra-ket notation as
< x | ξ >= (K(ξ, ξ))− 12
∞∑
n=0
Φn (ξ)√
ρn
< x | φn > . (2.4)
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By definition, it is straightforward to show that < ξ | ξ >= 1 and the coherent state transform
W : H → A ⊂ L2(X, ν) defined by
W [φ] (ξ) := (K(ξ, ξ)) 12 < ξ | φ > (2.5)
is an isometry. Thus, for φ, ψ ∈ H, we have
< φ | ψ >H=< W [φ] |W [ψ] >L2(X)=
∫
X
dν (ξ)K(ξ, ξ) < φ | ξ >< ξ | ψ > (2.6)
and thereby we have a resolution of the identity
1H =
∫
X
dν (ξ)K(ξ, ξ) | ξ >< ξ |, (2.7)
where K(ξ, ξ) appears as a weight function.
3. The transform BJγ
According to the above formalism, we define coherent states with the following elements:
· (X, ν) := (D,
(
1− |z|2
)γ−1
dµ(z)) with γ > 0
· A := Aγ (D) is the weigthed Bergman space in (1.4)
· A well known orthonormal basis of A has the form
Φγn(z) :=
(
γΓ (γ + 1 + n)
πΓ (γ + 1)n!
) 1
2
zn, n = 0, 1, 2, · · · (3.1)
· The diagonal function of the reproducing kernel of A is given by
Kγ (z, z) =
γ
π
(
1− |z|2
)−γ−1
, z ∈ D. (3.2)
· H:= L2(S1, dσγ) is the space carrying the coherent states, which is endowed
with the measure ([7]):
dσγ (θ) :=
2γΓ2
(
γ
2 + 1
)
Γ (γ + 1)
(
sin
θ
2
)γ
dθ
2π
, (3.3)
· A basis of H is consisting of circular Jacobi polynomials ([7, 8, 9]) given by
gγn
(
eiθ
)
:=
(γ + 1)n
n!
.2F1
(
−n, γ
2
+ 1, γ + 1; 1− eiθ
)
, (3.4)
where the notation in [8] is adapted. The ket vectors we shall take are the or-
thonormalized functions:
| n; γ >:=
√
n!√
(γ + 1)n
gγn (3.5)
Definition 3.1. For γ > 0, coherent states belonging to L2(S1, dσγ) are defined according to (2.3)
by the series expansion
| z; γ >:= (Kγ (z, z))−
1
2
+∞∑
n=0
Φγn(z) | n; γ >; (3.6)
where z ∈ D are labelling points.
We now give a closed form for these coherent states.
Proposition 3.2. For γ > 0, the wave functions of the states in (3.6) are of the form
< eiθ | z; γ >=
(
1− |z|2
) 1+γ
2
(1− z)− 12γ (1− zeiθ)−1− 12γ , (3.7)
where z ∈ D is a fixed labelling point and eiθ ∈ S1.
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Proof. We start by replacing the three pieces in (3.6) by their expressions respectively in (3.1),
(??) and (3.5). We get successively
< eiθ | z; γ > = √π
(
1− |z|2
) 1
2
γ+ 1
2
+∞∑
n=0
Φγn(z) | n; γ > (3.8)
=
√
π
(
1− |z|2
) 1
2
γ+ 1
2
+∞∑
n=0
(
Γ (γ + 1 + n)
πΓ (γ + 1)n!
) 1
2
zn | n; γ > (3.9)
=
(
1− |z|2
) γ+1
2
+∞∑
n=0
√
(γ + 1)n√
n!
zn | n; γ > (3.10)
=
(
1− |z|2
) γ+1
2
+∞∑
n=0
(γ + 1)n
n!
.2F1
(
−n, γ
2
+ 1, γ + 1; 1− eiθ
)
zn. (3.11)
Now, we write the hypergeometric function in (3.11) in terms of the Jacobi polynomial via the
relation ([2, p.999]):
P (α,β−n)n (u) =
(
n+ α
n
)(
1 + u
2
)n
.2F1
(
−n,−β, α+ 1; u− 1
u+ 1
)
(3.12)
for the parameters α = γ, 1 + γ/2 = −β and u = 2e−iθ − 1. We obtain that
2F1
(
−n, γ
2
+ 1, γ + 1; 1− eiθ
)
=
n!
(γ + 1)n
einθP
(γ,−(1+ γ2 )−n)
n
(
2e−iθ − 1) (3.13)
Next, inserting (3.13) into (3.11), gives that
< eiθ | z; γ >=
(
1− |z|2
) γ+1
2
+∞∑
n=0
(
zeiθ
)n
P
(γ,−(1+ γ2 )−n)
n
(
2e−iθ − 1) (3.14)
Now, we make use of the generating formula ([3, p.154]):
+∞∑
n=0
(
n+ ν
n
)
P
(α,β−n)
n+ν (u) t
n = (1− t)β
(
1− 1
2
(1 + u) t
)−α−β−ν−1
(3.15)
×P (α,β)ν
((
u− 12 (1 + u) t
)(
1− 12 (1 + u) t
)
)
for ν = 0, α = γ, β = − (1 + γ2 ) , u = 2e−iθ − 1 and t = zeiθ. We arrive at the expression (3.7).
This ends the proof.
Now, let φ ∈ L2(S1, dσγ). Using the formalism in Section 2, we define
BJγ [φ] (z) = (Kγ (z, z))
1
2 〈φ, | z; γ >〉
H
(3.16)
=
(
γ
π
(
1− |z|2
)−γ−1) 12 ∫ 2pi
0
< eiθ | z; γ > φ (eiθ) dσγ (θ) .
(3.17)
Next, using Proposition (3.1) we can state the following result.
Theorem 3.3. Let γ > 0. Then, the coherent states transform associated with the coherent states
in (3.6) is the isometry BJγ : L2(S1, dσγ)→ Aγ(D) given by
BJγ [φ] (z) =
(
γ
pi
) 1
2
(1− z) 12γ
∫ 2pi
0
1
(1− zeiθ)1+ 12 γ
φ (eiθ)dσγ (θ) . (3.18)
Definition 3.4. The coherent state transform in (3.18) will be called the circular Bargmann trans-
form of attached to the lowest hyperbolic Landau level.
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4. The transform BJγ,m
As in Section 3, the elements we will be using to construct coherent states are as follows:
· (X, ν) = (D,
(
1− |z|2
)γ−1
dµ(z)), γ > 0
· A := Aγm (D) is the eigenspace in (1.7)
· An orthonormal basis of A is given by ([4, p.3, Eq.(2.9)], with γ = 2ν − 1):
Φγ,mn (z) = (−1)n
(
γ − 2m
π
) 1
2
(
n!Γ (γ −m+ 1)
m!Γ (γ − 2m+ n+ 1)
) 1
2
(4.1)
×
(
1− |z|2
)−m
zm−nP (m−n,γ−2m)n
(
1− 2 |z|2
)
.
· The diagonal function of the reproducing kernel of A is given by ([4, p.3]):
Kγ,m (z, z) =
(γ − 2m)
π
(
1− |z|2
)−1−γ
, (4.2)
· H:=L2(S1, dσγ′) is the Hilbert space carrying the coherent states with the parameter γ′ :=
γ − 2m > 0, where γ is the fixed parameter in the definition of the space Aγm (D) .
· The ket vectors we take are the same orthonormalized functions in (3.3) but now
depending on the parameter γ′ as
| n; γ′ >:=
√
n!√
(γ′ + 1)n
gγ
′
n (4.3)
Definition 4.1. For γ > 0 andm = 0, 1, · · · [γ2 ] , the coherent states belonging to L2(S1, dσ(γ−2m)) are
defined according to (2.3) by the series expansion
| z; γ,m >:= (Kγ,m (z, z))−
1
2
+∞∑
n=0
Φγ,mn (z) | n; (γ − 2m) > (4.4)
where z ∈ D are labelling points.
We should note that coherent states attached to hyperbolic Landau levels with similar form (4.4)
have been performed in [10] and [4] but with different choices for the Hilbert spaces H carrying
them. Here the space H is L2(S1, dσ(γ−2m)) spanned by the ket vectors (4.3) . We now give a
closed form for these coherent states in (4.4).
Proposition 4.2. The wave functions of the states in (4.4) can be expressed in a closed form as
< eiθ | z, γ,m >=
(
Γ (γ −m+ 1)
m!Γ (γ − 2m+ 1)
) 1
2
(
1− |z|2
) γ+1
2
(1− z)γ2 (1− zeiθ)
γ
2
+1
(4.5)
×

 (z − 1) (1− zeiθ)(
1− |z|2
)


m
.2F1

 −m, γ2 −m+ 1
1 + γ − 2m |
(
1− |z|2
) (
1− eiθ)
(1− z) (1− zeiθ)

 ,
where z ∈ D is a fixed labelling point and eiθ ∈ S1.
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Proof. We start from (4.4) by replacing the three pieces by their expressions respectively in (4.1),
(4.2) and (4.3). We get successively
< eiθ | z; γ,m > =
(
π−1 (γ − 2m)
(
1− |z|2
)−1−γ)− 12
×
+∞∑
n=0
(−1)n
(
γ − 2m
π
) 1
2
(
n!Γ (γ −m+ 1)
m!Γ (γ − 2m+ n+ 1)
) 1
2
(4.6)
×
(
1− |z|2
)−m
zm−nP (m−n,γ−2m)n
(
1− 2 |z|2
)
×
√
(γ′ + 1)n√
n!
.2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
.
Then, Eq. (4.6) reduces to
< eiθ | z; γ,m > =
√
Γ (γ −m+ 1)√
m!
(
1− |z|2
) γ+1
2
−m
zm
×
+∞∑
n=0
(−1)n z−n√
Γ (γ − 2m+ n+ 1)P
(m−n,γ−2m)
n
(
1− 2 |z|2
)
(4.7)
×
√
Γ (γ − 2m+ n+ 1)√
Γ (γ − 2m+ 1) .2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
.
Eq. (4.7) can also be written as
< eiθ | z; γ,m >=
(
Γ (γ −m+ 1)
m!Γ (γ − 2m+ 1)
) 1
2 (
1− |z|2
) γ+1
2
−m
zm (4.8)
×
+∞∑
n=0
(−1)n z−nP (m−n,γ−2m)n
(
1− 2 |z|2
)
.2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
.
Now, we set
< eiθ | z; γ,m >=
(
Γ (γ −m+ 1)
m!Γ (γ − 2m+ 1)
) 1
2 (
1− |z|2
) γ+1
2
−m
zmGγ,m (4.9)
where
Gγ,m :=
+∞∑
n=0
(−1)n z−nP (m−n,γ−2m)n
(
1− 2 |z|2
)
.2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
. (4.10)
Next, making use of the known fact on Jacobi polynomials :
P (m−n,γ−2m)n
(
1− 2 |z|2
)
= (−1)n P (γ−2m,m−n)n
(
2 |z|2 − 1
)
(4.11)
and writing the polynomial in right hand side of (4.11) as ([2, p.999]):
P
(γ′,m−n)
n (u) =
(
n+ γ′
n
)(
1 + u
2
)n
.2F1
(
−n,−m, γ′ + 1, u− 1
u+ 1
)
(4.12)
for u = 2 |z|2 − 1, γ′ = γ − 2m, we get that
P
(γ′,m−n)
n
(
2 |z|2 − 1
)
=
(γ′ + 1)n
n!
|z|2n .2F1
(
−n,−m, γ′ + 1; |z|
2 − 1
|z|2
)
(4.13)
So that Eq. (4.10) takes the form
Gγ,m =
+∞∑
n=0
z−nP (γ−2m,m−n)n
(
2 |z|2 − 1
)
.2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
(4.14)
=
+∞∑
n=0
(γ′ + 1)n
n!
.2F1
(
−n,−m, γ′ + 1; |z|
2 − 1
|z|2
)
F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
zn
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Now, we apply the generating formula ([6, p.1037]:
+∞∑
n=0
(β)n
n!
.2F1 (−n, α, β;x) .2F1 (−n, δ, β; y) zn (4.15)
=
(1− z)α+δ−β
(1 + (x− 1) z)α (1 + (y − 1) z)δ
.2F1
(
α, δ, β;
xyz
(1 + (x− 1) z) (1 + (y − 1) z
)
for the parameters
β = γ′ + 1, α = −m, δ = γ
′
2
+ 1, x =
|z|2 − 1
|z|2 , y = 1− e
iθ (4.16)
This gives
Gγ,m =
(z − 1)m (1− zeiθ)−γ2−1+m
zm (1− z)γ2
.2F1

 −m, γ2 −m+ 1
1 + γ − 2m |
(
1− |z|2
) (
1− eiθ)
(1− z) (1− zeiθ)

 (4.17)
Return back to (4.9) and replacing Gγ,m by its expression in (4.17) we arrive at the expression
(4.5). This ends the proof.
Now, let φ ∈ L2(S1, dσ(γ−2m)). Using the point (3) of the formalism in Section 2, we can define
BJγ,m [φ] (z) = (Kγ,m (z, z))
1
2 〈φ, | z; γ,m >〉
H
(4.18)
=
(
π−1 (γ − 2m)
(
1− |z|2
)−1−γ) 12 ∫ 2pi
0
< eiθ | z; γ,m > φ (eiθ) dσγ (θ) . (4.19)
Next, writing the closed form of the wave function in proposition (4.1) in terms of Jacobi polyno-
mials we can state the following result.
Theorem 4.3. Let γ > 0 and m = 0, 1, ..,
[
γ
2
]
. Then, the coherent state transform associated with
the coherent states in (4.4) is the isometry BJγ,m : L
2(S1, dσ(γ−2m))→ Aγm (D) defined by
BJγ,m [φ] (z) =
(
Γ(γ+1−m)
pim!Γ(γ−2m)
) 1
2
(1− z)γ2
∫ 2pi
0
1
(1− eiθz)γ2+1

 (z − 1) (1− zeiθ)(
1− |z|2
)


m
(4.20)
×2F1

 −m, γ2 −m+ 1
1 + γ − 2m |
(
1− eiθ) (1− |z|2)
(1− z) (1− eiθz)

φ (eiθ)dσ(γ−2m) (θ)(4.21)
Definition 4.4. The coherent state transform BJγ,m in (4.20) will be called the circular Bargmann
transform attached to the mth hyperbolic Landau level.
Remark 4.5. Note that when m = 0, the transform in (4.20) reduces to the first one in (3.18).
i.e., BJγ,0 = BJγ .
Remark 4.6. In view of the projective mapping of the unit circle S1onto the interval [−1, 1], it is
possible to write the action of the circular Bargmann transform BJγ,m on square integrable functions
on [−1, 1] with respect to an appropriate measure.
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A FAMILY OF CIRCULAR BARGMANN TRANSFORMS
ZOUHAI¨R MOUAYN
ABSTRACT. When considering a charged particle evolving in the Poincare´ disk under influence of a
uniform magnetic field with a strength proportional to γ+ 1, we construct for all hyperbolic Landau
level ǫ
γ
m = 4m (γ−m) ,m ∈ Z+ ∩ [0, γ/2] a family of coherent states transforms labeled by (γ,m)
and mapping isometrically square integrable functions on the unit circle with respect to the measure
sinγ−2m (θ/2) dθ onto spaces of bound states of the particle. These transforms are called circular
Bargmann transforms.
1. INTRODUCTION
The classical Bargmann transform [1] can be defined as
BH [ϕ] (z) := π− 14 e− 12 z2
∫
R
e−ξ
2+2ξzϕ (ξ) dξ, z ∈ C. (1.1)
It maps isometrically the space L2 (R, dξ) of square integrable functions on the real line onto the
Fock space F (C) of entire Gaussian square-integrable functions. Since the involved kernel in (1.1)
is related to the generating function of Hermite polynomials [2], we have used the notation BH .
In the same paper ([1, p.203]) V. Bargmann has also introduced a second transform labeled by a
parameter γ > 0 as
BLγ : L2
(
R+,
xγ
Γ (γ+ 1)
dx
)
→ Aγ (D) (1.2)
defined by
BLγ [ψ] (z) :=
( γ
π
) 1
2
(1− z)γ+1
∫ +∞
0
exp
(
− x
2
(
1+ z
1− z
))
ψ (x)
xγ
Γ (γ+ 1)
dx, (1.3)
where
Aγ (D) :=
{
ψ analytic on D,
∫
D
|ψ(z)|2
(
1− |z|2
)γ−1
dµ(z) < +∞
}
(1.4)
denotes the weighted Bergman space on the unit disk D = {z ∈ C; |z| < 1} and dµ(z) being
the Lebesgue measure on it. The involved kernel function in (1.2) corresponds to the generating
function of Laguerre polynomials [2]. This explains the notation BLγ.
In the present work, we first propose, if it does not exist in the literature, the following integral
transform
B Jγ : L2(S1, dσγ) → Aγ (D) (1.5)
defined by
B Jγ [φ] (z) :=
( γ
π
) 1
2
(1− z) 12γ
∫ 2π
0
1(
1− zeiθ)1+ 12γ φ
(
eiθ
)
dσγ (θ) , (1.6)
andmapping isometrically the square integrable functions on the unit circle S1= {ω ∈ C, |ω| = 1}
endowed with dσγ (θ) :=
2γΓ2(γ/2+1)
Γ(γ+1)
sinγ (θ/2) dθ as measure, onto the Bergman space in (1.4).
We obtain the kernel function in (1.6) by using a generating function for Jacobi polynomials due
to H.M. Srivastava [3]. Here, we have used the notation B Jγ (J: Jacobi). We also propose a gener-
alization of the transform in (1.6) by replacing the arrival space in (1.5) by the eigenspace ([4]):
Aγm (D) :=
{
ψ : D → C,∆γψ = ǫγmψ,
∫
D
|ψ(z)|2
(
1− |z|2
)γ−1
dµ(z) < +∞
}
(1.7)
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of the second order differential operator
∆γ := −4
(
1− |z|2
)((
1− |z|2
) ∂2
∂z∂z
− (γ+ 1) z ∂
∂z
)
(1.8)
with the eigenvalue (hyperbolic Landau level):
ǫ
γ
m := 4m (γ−m) , m = 0, 1, 2, · · · ,
[γ
2
]
, (1.9)
where [x] denotes the greatest integer less than x. The operator in (1.8) can be unitarly intertwined
to represent the Schro¨dinger operator of a charged particle evolving in the Poincare´ disk under
influence of a uniform magnetic field with a strength proportional to (γ + 1). For m = 0, the
space Aγ0 (D) in (1.8) coincides with the Bergman space Aγ (D) in (1.4). For m 6= 0, we precisely
construct the integral transform
B Jγ,m : L2(S1, dσ(γ−2m)) → Aγm (D) (1.10)
defined by
B Jγ,m [φ] (z) =
(
Γ(γ+1−m)
πm!Γ(γ−2m)
) 1
2
(1− z) γ2
∫ 2π
0
1(
1− eiθz) γ2 +1

 (z− 1) (1− eiθz)(
1− |z|2
)


m
(1.11)
×2F1

 −m, γ2 −m+ 1
1+ γ− 2m
∣∣∣∣
(
1− eiθ) (1− |z|2)
(1− z) (1− eiθz)

 φ (eiθ) dσ(γ−2m) (θ) ,
where 2F1 (−m, ., . | ·) is a hypergeometric function which can be written in terms of the Jacobi
polynomial [2]. We obtain the kernel function in (1.11) by using a bilateral generating function
for Gauss hypergeometric sums due to L.Weisner [5]. Our method in constructing the transforms
(1.6) and (1.11) is based on coherent states analysis.
The paper is organized as follows. In Section 2, we recall briefly the coherent states formalism
we will be using. This formalism is applied in Sections 3 and 4 so as to establish the announced
transforms.
2. COHERENT STATES
Following ([5, pp.72-76]), we give a summary of the coherent states formalismwewill be using.
Let (X, ν) be a measure space and let A ⊂ L2(X, ν) be a closed subspace of infinite dimension.
Let {Φn}∞n=0 be an orthogonal basis of A satisfying, for arbitrary ξ ∈ X,
κ (ξ) :=
∞
∑
n=0
ρ−1n |Φn (ξ)|2 < +∞, (2.1)
where ρn := ‖Φn‖2L2(X) . Define
K(ξ, ζ) :=
∞
∑
n=0
ρ−1n Φn (ξ) Φn(ζ), ξ, ζ ∈ X. (2.2)
Then, K(ξ, ζ) is a reproducing kernel, A is the corresponding reproducing kernel Hilbert space
and κ (ξ) = K(ξ, ξ). Let H be another Hilbert space with dimH = ∞ and {φn}∞n=0 be an or-
thonormal basis of H. Therefore, define a coherent state as a ket vector | ξ >∈ H labelled by a
point ξ ∈ X as
| ξ >:= (K(ξ, ξ))− 12
∞
∑
n=0
Φn (ξ)√
ρn
| φn > . (2.3)
We rewrite (2.3) using Dirac’s bra-ket notation as
< x | ξ >= (K(ξ, ξ))− 12
∞
∑
n=0
Φn (ξ)√
ρn
< x | φn > . (2.4)
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By definition, it is straightforward to show that < ξ | ξ >= 1 and the coherent state transform
W : H → A ⊂ L2(X, ν) defined by
W [φ] (ξ) := (K(ξ, ξ)) 12 < ξ | φ > (2.5)
is an isometry. Thus, for φ,ψ ∈ H, we have
< φ | ψ >H=< W [φ] |W [ψ] >L2(X)=
∫
X
dν (ξ)K(ξ, ξ) < φ | ξ >< ξ | ψ > (2.6)
and thereby we have a resolution of the identity
1H =
∫
X
dν (ξ)K(ξ, ξ) | ξ >< ξ |, (2.7)
where K(ξ, ξ) appears as a weight function.
3. THE TRANSFORM B Jγ
According to the above formalism, we define coherent states with the following elements:
• (X, ν) := (D,
(
1− |z|2
)γ−1
dµ(z))with γ > 0
• A := Aγ (D) is the weighted Bergman space in (1.4)
• A well known orthonormal basis of A has the form
Φ
γ
n(z) :=
(
γΓ (γ+ 1+ n)
πΓ (γ+ 1) n!
) 1
2
zn, n = 0, 1, 2, · · · . (3.1)
• The diagonal function of the reproducing kernel of A is given by
Kγ (z, z) =
γ
π
(
1− |z|2
)−γ−1
, z ∈ D. (3.2)
• H:= L2(S1, dσγ) is the space carrying the coherent states, which is endowed with the
measure ([7]):
dσγ (θ) :=
2γΓ2
( γ
2 + 1
)
Γ (γ+ 1)
(
sin
θ
2
)γ dθ
2π
. (3.3)
• A basis ofH is consisting of circular Jacobi polynomials ([7, 8, 9]) given by
g
γ
n
(
eiθ
)
:=
(γ+ 1)n
n!
2F1
(
−n, γ
2
+ 1, γ+ 1|1− eiθ
)
, (3.4)
where the notation in [8] is adapted. The ket vectors we shall take are the orthonormalized
functions:
| n; γ >:=
√
n!√
(γ+ 1)n
g
γ
n (3.5)
Definition 3.1. For γ > 0, coherent states belonging to L2(S1, dσγ) are defined according to (2.3) by the
series expansion
| z; γ >:= (Kγ (z, z))−
1
2
+∞
∑
n=0
Φ
γ
n(z) | n; γ >; (3.6)
where z ∈ D are labeling points.
We now give a closed form for these coherent states.
Proposition 3.2. For γ > 0, the wave functions of the states in (3.6) are of the form
< eiθ | z; γ >=
(
1− |z|2
) 1+γ
2
(1− z)− 12γ
(
1− zeiθ
)−1− 12γ
, (3.7)
where z ∈ D is a fixed labeling point and eiθ ∈ S1.
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Proof. We start by replacing the three pieces in (3.6) by their expressions respectively in (3.1), (3.2)
and (3.5). We get successively
< eiθ | z; γ > = √π
(
1− |z|2
) 1
2γ+
1
2
+∞
∑
n=0
Φ
γ
n(z) | n; γ > (3.8)
=
√
π
(
1− |z|2
) 1
2γ+
1
2
+∞
∑
n=0
(
Γ (γ+ 1+ n)
πΓ (γ+ 1) n!
) 1
2
zn | n; γ > (3.9)
=
(
1− |z|2
) γ+1
2
+∞
∑
n=0
√
(γ+ 1)n√
n!
zn | n; γ > (3.10)
=
(
1− |z|2
) γ+1
2
+∞
∑
n=0
(γ+ 1)n
n!
2F1
(
−n, γ
2
+ 1, γ+ 1
∣∣1− eiθ) zn. (3.11)
Now, we write the hypergeometric function in (3.11) in terms of the Jacobi polynomial via the
relation ([2, p.999]):
P
(α,β−n)
n (u) =
(
n+ α
n
)(
1+ u
2
)n
2F1
(
−n,−β, α+ 1
∣∣∣∣u− 1u+ 1
)
(3.12)
for the parameters α = γ, 1+ γ/2 = −β and u = 2e−iθ − 1. We obtain that
2F1
(
−n, γ
2
+ 1, γ+ 1
∣∣1− eiθ) = n!
(γ+ 1)n
einθP
(γ,−(1+ γ2 )−n)
n
(
2e−iθ − 1
)
(3.13)
Next, inserting (3.13) into (3.11), gives that
< eiθ | z; γ >=
(
1− |z|2
) γ+1
2
+∞
∑
n=0
(
zeiθ
)n
P
(γ,−(1+ γ2 )−n)
n
(
2e−iθ − 1
)
(3.14)
Now, we make use of the generating formula ([3, p.154]):
+∞
∑
n=0
(
n+ ν
n
)
P
(α,β−n)
n+ν (u) t
n = (1− t)β
(
1− 1
2
(1+ u) t
)−α−β−ν−1
(3.15)
×P(α,β)ν


(
u− 12 (1+ u) t
)
(
1− 12 (1+ u) t
)


for ν = 0, α = γ, β = − (1+ γ2 ) , u = 2e−iθ − 1 and t = zeiθ. We arrive at the expression (3.7).
This ends the proof. 
Now, let φ ∈ L2(S1, dσγ). Using the formalism in Section 2, we define
B Jγ [φ] (z) = (Kγ (z, z))
1
2 〈φ, | z; γ >〉H (3.16)
=
(
γ
π
(
1− |z|2
)−γ−1) 12 ∫ 2π
0
< eiθ | z; γ > φ
(
eiθ
)
dσγ (θ) . (3.17)
Next, using Proposition (3.1) we can state the following result.
Theorem 3.3. Let γ > 0. Then, the coherent states transform associated with the coherent states in (3.6)
is the isometry B Jγ : L2(S1, dσγ) → Aγ(D) given by
B Jγ [φ] (z) =
( γ
π
) 1
2
(1− z) 12γ
∫ 2π
0
1(
1− zeiθ)1+ 12γ φ
(
eiθ
)
dσγ (θ) . (3.18)
Definition 3.4. The coherent state transform in (3.18) will be called the circular Bargmann transform of
attached to the lowest hyperbolic Landau level.
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4. THE TRANSFORM B Jγ,m
As in Section 3, the elements we will be using to construct coherent states are as follows:
• (X, ν) = (D,
(
1− |z|2
)γ−1
dµ(z)), γ > 0.
• A := Aγm (D) is the eigenspace in (1.7).
• An orthonormal basis of A is given by ([4, p.3, Eq.(2.9)], with γ = 2ν− 1):
Φ
γ,m
n (z) = (−1)n
(
γ− 2m
π
) 1
2
(
n!Γ (γ−m+ 1)
m!Γ (γ− 2m+ n+ 1)
) 1
2
(4.1)
×
(
1− |z|2
)−m
zm−nP(m−n,γ−2m)n
(
1− 2 |z|2
)
.
• The diagonal function of the reproducing kernel of A is given by ([4, p.3]):
Kγ,m (z, z) =
(γ− 2m)
π
(
1− |z|2
)−1−γ
. (4.2)
• H:=L2(S1, dσγ′) is the Hilbert space carrying the coherent states with the parameter γ′ :=
γ− 2m > 0, where γ is the fixed parameter in the definition of the space Aγm (D) .
• The ket vectors we take are the same orthonormalized functions in (3.3) but now depend-
ing on the parameter γ′ as
| n; γ′ >:=
√
n!√
(γ′ + 1)n
g
γ′
n . (4.3)
Definition 4.1. For γ > 0 and m = 0, 1, · · · [ γ2 ] , the coherent states belonging to L2(S1, dσ(γ−2m)) are
defined according to (2.3) by the series expansion
| z; γ,m >:= (Kγ,m (z, z))−
1
2
+∞
∑
n=0
Φ
γ,m
n (z) | n; (γ− 2m) >, (4.4)
where z ∈ D are labeling points.
We should note that coherent states attached to hyperbolic Landau levels with similar form
(4.4) have been performed in [10] and [4] but with different choices for the Hilbert spaces H
carrying them. Here the space H is L2(S1, dσ(γ−2m)) spanned by the ket vectors (4.3) . We now
give a closed form for these coherent states in (4.4).
Proposition 4.2. The wave functions of the states in (4.4) can be expressed in a closed form as
< eiθ | z, γ,m > =
(
Γ (γ−m+ 1)
m!Γ (γ− 2m+ 1)
) 1
2
(
1− |z|2
) γ+1
2
(1− z) γ2 (1− zeiθ) γ2 +1 (4.5)
×

 (z− 1) (1− zeiθ)(
1− |z|2
)


m
2F1

 −m, γ2 −m+ 1
1+ γ− 2m
∣∣∣∣
(
1− |z|2
) (
1− eiθ)
(1− z) (1− zeiθ)

 ,
where z ∈ D is a fixed labeling point and eiθ ∈ S1.
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Proof. We start from (4.4) by replacing the three pieces by their expressions respectively in (4.1),
(4.2) and (4.3). We get successively
< eiθ | z; γ,m > =
(
π−1 (γ− 2m)
(
1− |z|2
)−1−γ)− 12
×
+∞
∑
n=0
(−1)n
(
γ− 2m
π
) 1
2
(
n!Γ (γ−m+ 1)
m!Γ (γ− 2m+ n+ 1)
) 1
2
(4.6)
×
(
1− |z|2
)−m
zm−nP(m−n,γ−2m)n
(
1− 2 |z|2
)
×
√
(γ′ + 1)n√
n!
2F1
(
−n, γ
′
2
+ 1, γ′+ 1
∣∣1− eiθ) .
Then, Eq. (4.6) reduces to
< eiθ | z; γ,m > =
√
Γ (γ−m+ 1)√
m!
(
1− |z|2
) γ+1
2 −m
zm
×
+∞
∑
n=0
(−1)n z−n√
Γ (γ− 2m+ n+ 1)P
(m−n,γ−2m)
n
(
1− 2 |z|2
)
(4.7)
×
√
Γ (γ− 2m+ n+ 1)√
Γ (γ− 2m+ 1) 2F1
(
−n, γ
′
2
+ 1, γ′+ 1
∣∣1− eiθ) .
Eq. (4.7) can also be written as
< eiθ | z; γ,m > =
(
Γ (γ−m+ 1)
m!Γ (γ− 2m+ 1)
) 1
2 (
1− |z|2
) γ+1
2 −m
zm (4.8)
×
+∞
∑
n=0
(−1)n z−nP(m−n,γ−2m)n
(
1− 2 |z|2
)
2F1
(
−n, γ
′
2
+ 1, γ′ + 1
∣∣1− eiθ) .
Now, we set
< eiθ | z; γ,m >=
(
Γ (γ−m+ 1)
m!Γ (γ− 2m+ 1)
) 1
2 (
1− |z|2
) γ+1
2 −m
zmGγ,m, (4.9)
where
Gγ,m :=
+∞
∑
n=0
(−1)n z−nP(m−n,γ−2m)n
(
1− 2 |z|2
)
2F1
(
−n, γ
′
2
+ 1, γ′+ 1
∣∣1− eiθ) . (4.10)
Next, making use of the known fact on Jacobi polynomials :
P
(m−n,γ−2m)
n
(
1− 2 |z|2
)
= (−1)n P(γ−2m,m−n)n
(
2 |z|2 − 1
)
(4.11)
and writing the polynomial in right hand side of (4.11) as ([2, p.999]):
P
(γ′,m−n)
n (u) =
(
n+ γ′
n
)(
1+ u
2
)n
2F1
(
−n,−m, γ′ + 1
∣∣∣∣u− 1u+ 1
)
(4.12)
for u = 2 |z|2 − 1, γ′ = γ− 2m, we get that
P
(γ′,m−n)
n
(
2 |z|2 − 1
)
=
(γ′ + 1)n
n!
|z|2n 2F1
(
−n,−m, γ′ + 1
∣∣∣∣ |z|
2 − 1
|z|2
)
(4.13)
So that Eq. (4.10) takes the form
Gγ,m =
+∞
∑
n=0
z−nP(γ−2m,m−n)n
(
2 |z|2 − 1
)
2F1
(
−n, γ
′
2
+ 1, γ′ + 1; 1− eiθ
)
(4.14)
=
+∞
∑
n=0
(γ′ + 1)n
n!
2F1
(
−n,−m, γ′ + 1
∣∣∣∣ |z|
2 − 1
|z|2
)
2F1
(
−n, γ
′
2
+ 1, γ′ + 1
∣∣1− eiθ) zn
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Now, we apply the generating formula ([6, p.1037]:
+∞
∑
n=0
(β)n
n!
2F1 (−n, α, β; x) 2F1 (−n, δ, β|y) zn (4.15)
=
(1− z)α+δ−β
(1+ (x− 1) z)α (1+ (y− 1) z)δ 2
F1
(
α, δ, β
∣∣∣∣ xyz(1+ (x− 1) z) (1+ (y− 1) z
)
for the parameters
β = γ′ + 1, α = −m, δ = γ
′
2
+ 1, x =
|z|2 − 1
|z|2
, y = 1− eiθ. (4.16)
This gives
Gγ,m =
(z− 1)m (1− zeiθ)− γ2−1+m
zm (1− z) γ2 2
F1

 −m, γ2 −m+ 1
1+ γ− 2m
∣∣∣∣
(
1− |z|2
) (
1− eiθ)
(1− z) (1− zeiθ)

 . (4.17)
Return back to (4.9) and replacingGγ,m by its expression in (4.17) we arrive at the expression (4.5).
This ends the proof. 
Now, let φ ∈ L2(S1, dσ(γ−2m)). Using the point (3) of the formalism in Section 2, we can define
B Jγ,m [φ] (z) = (Kγ,m (z, z))
1
2 〈φ, | z; γ,m >〉H (4.18)
=
(
π−1 (γ− 2m)
(
1− |z|2
)−1−γ) 12 ∫ 2π
0
< eiθ | z; γ,m > φ
(
eiθ
)
dσγ (θ) . (4.19)
Next, writing the closed form of the wave function in proposition (4.1) in terms of Jacobi polyno-
mials we can state the following result.
Theorem 4.3. Let γ > 0 and m = 0, 1, ..,
[γ
2
]
. Then, the coherent state transform associated with the
coherent states in (4.4) is the isometry BJγ,m : L
2(S1, dσ(γ−2m)) → Aγm (D) defined by
B Jγ,m [φ] (z) =
(
Γ(γ+1−m)
πm!Γ(γ−2m)
) 1
2
(1− z) γ2
∫ 2π
0
1(
1− eiθz) γ2+1

 (z− 1) (1− zeiθ)(
1− |z|2
)


m
(4.20)
×2F1

 −m, γ2 −m+ 1
1+ γ− 2m
∣∣∣∣
(
1− eiθ) (1− |z|2)
(1− z) (1− eiθz)

 φ (eiθ)dσ(γ−2m) (θ) .
Definition 4.4. The coherent state transform BJγ,m in (4.20)will be called the circular Bargmann transform
attached to the mth hyperbolic Landau level.
Remark 4.5. Note that when m = 0, the transform in (4.20) reduces to the first one in (3.18). i.e.,
B Jγ,0 = B Jγ.
Remark 4.6. In view of the projective mapping of the unit circle S1onto the interval [−1, 1], it is possible
to write the action of the circular Bargmann transform B Jγ,m on square integrable functions on [−1, 1] with
respect to an appropriate measure.
REFERENCES
[1] V Bargmann, On a Hilbert space of analytic functions and an associated integral transform, Part I, Comm. Pure Appl.
Math., 14 (1961) 187-214
[2] Gradshteyn I S and Ryzhik I M, ”Table of Integrals, Series and Products”, Academic Press, INC, Seven Edition 2007
[3] H. M. Srivastava, Note on certain generating functions for Jacobi and Laguerre polynomials, Publications de l’Institut
Mathe´matiques, Nouvelle se´rie tome 17 (31), 1974, pp.149-154
[4] F. ElWassouli, A. Ghanmi, A. Intissar and Z Mouayn, Generalized second Bargmann transforms associated with the
hyperbolic Landau levels on the Poincare´ disk, arXiv:1102.1179v1
8 ZOUHAI¨R MOUAYN
[5] J.P. Gazeau, Coherent states in quantum physics, Wiley-VCH Verlag GmbH & KGaA Weinheim, 2009
[6] L. Weisner , Group-theoretical origin of certain generating functions”, Pacific J. Math.,5 (1955) 1033-1039
[7] Mourad E.H.Ismail, Classical and Quantum Orthogonal Polynomials in one variable, Encyclopedia of Mathematics
and its applications, Cambridge University Press (2005)
[8] LI-Chien Shen, orthogonal polynomials on the unit circle associated with the Laguerre polynomials, Proc.Amer.
Math. Soc.129, No. 3 (2000) pp.873-879
[9] L.D.Abreu, Wavelet frames, Bergman spaces and Fourier transforms of Laguerre functions, arXiv:0704.1487v1,
math.CA 11 Apr 2007
[10] Z, Mouayn, Coherent states attached to Landau levels on the Poincare´ disk, J. Phys. A: Math. Gen. 38, no 42, (2005)
9306-9316
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES AND TECHNICS (M’GHILA)
SULTAN MOULAY SLIMANE UNIVERSITY, BP 523, BE´NI MELLAL, MOROCCO
E-mail address: mouayn@gmail.com
